
Single Particle Tunneling 

    If the barrier is sufficiently thin (less than 10 or 20A) there is a significant 

probability that an electron which impinges on the barrier will pass from one 

metal to the other: this is called tunneling. 

。 



N-N tunneling S-N tunneling 

Giaever Tunneling 

1. When both metals are normal conductors, the current-voltage relation of it is 

Ohmic at low voltages, 

2. Giaever (1960) discovered that if one of the metals becomes  superconducting, 

the current-voltage characteristic changes from the straight line of Fig. 22a to 

the curve shown in Fig. 22b. 



S-N tunneling 

 
At T = 0, I is finite 

when E > ,  

 

At T > 0, I is > 0 

even for E <                         

N (E) = E/ (E2-∆2)1/2 

Semiconductor  Energy  Model 

In the superconductor there is an energy gap centered at the Fermi level. 

At absolute zero no current can flow until the applied voltage is 

V = Eg/2e = Δ/e. 

The current starts when eV = Δ.   At finite temperatures, because of electrons 

in the superconductor that are thermally excited across the energy gap. 
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Semiconductor Model  

T = 0K  



I-V temperature  

dependence of 

S/I/S junctions 

Tc = 1.250K 



T = 0 K 



T > 0K 



S1/ I /S2          T > 0K 







Lead to  

the invention of 

STM in 1982 ! 

was mostly on  

bulk samples 



S-I-S 

S-N-S 

Josephson Superconductor Tunneling 

Such a junction is called a weak link. 

1. DC Josephson effect:  A dc current flows across the junction in the absence 

of any electric or magnetic field. 

2. AC Josephson effect:  A dc voltage applied across the junction causes rf 

current oscillations across the junction. 

    An rf voltage applied with the dc voltage can then cause a dc current across 

the junction. 

3. Macroscopic long-range quantum interference:  A dc magnetic field 

applied through a superconducting circuit containing two junctions causes the 

maximum supercurrent to show interference effects as a function of magnetic 

field intensity.    SQUID 

https://en.wikipedia.org/wiki/File:Point_Contact01.jpg


Dc  Josephson Effect     Our discussion of Josephson junction phenomena 

follows the discussion of flux quantization, let both superconductors be identical. 

DC 



For the real part 

For the imaginary 

part 

The phase difference is time  

independent ! 

J   dN/dt 



Josephson Current 





A two-terminal device ! 



Follow Eq. 41 

Under a dc voltage V 

AC Josephson Effect 

Follow Eq. 42 



The phase  is  

depending on time. 

To be used for a precise measurement of ħ/e 



S1 S2 

Junction a 

Junction b 

Macroscopic Quantum Interference. 

1 - 2 = (2e/ħc)Φ      eq. (59) 



Double slit diffraction pattern for two tunnel junctions 

Tinkham, Chapter 6, p. 203. 



Single slit diffraction for single tunnel junction 

Figure 6-3 

Dependence of maximum supercurrent through a single Josephson 

junction upon the flux threading the junction. The resemblance to 

the “single-slit” diffraction pattern of optics is evident. 

Tinkham, Chapter 6, p. 199 

I max= Jo sin (Φ/Φo)/Φ/Φo 



Two separate Pairs, Pair A and Pair B tunnel junctions 

The periodicity of the current is shown in Fig. 26. 

1. The short period variation is produced by interference from the two junctions, 
as predicted by (61). 

2. The longer period variation is a diffraction effect and arises from the finite 
dimensions of each junction. 



T = 0K  

Book of Solymar  



T = 0K  for  eV < 1 + 2 



T = 0K  

eV = ∆1 + ∆2 + ћ 



For  eV > 1 + 2 

T = 0K 



T > 0K  

















Shapiro steps 

in the nth order 



















Pb 









Weak Links 

Solder drop junction 

Point contact junction 

Dayem bridge 

Notarys bridge 
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Point contact junction 

Circuit Representation 



∂/∂t = qV/ћ  



The Discovery of Superconductivity 

A-15 

 B1 
HTSC 

• Early 90’s -- elemental SP metals like  

   Hg, Pb, Al, Sn, Ga, etc. 

• Middle 90’s -- transitional metals, alloys, and  

  compounds like Nb, NbN, Nb3Sn, etc. 

• Late 90’s -- in perovskite oxides 



Nb tunnel junctions for  

Josephson device applications  



Nb/Al/oxide/Pb junctions 



Artificial tunnel barrier made of oxides 

 of thin Si, Mg, Y, and Er 

Very clean,  

free of sub-oxides 
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我每天提醒自己一百遍，

我的生活，不管內在或

是外在，都是以他人(包

括活著的和逝去的)的勞

動為基礎。所以我必須

盡力奉獻自己，希望能

以同等的貢獻，來回報

長久以來(現在仍是)從

他們那裡所得到的。 

愛因斯坦 (Einstein) 



Superconductivity tunneling into  

the A-15 compounds 



A-15 compound  A3B,   with Tc = 15-23 K 

With three perpendicular linear chains of A atoms on the cubic face, and 

B atoms are at body centered cubic site 

1973 Nb3Ge, 23K ! 

A 

B 

Fig. 34.  (a) The position of A and B atoms in the unit cell of an A3B compound 

possessing the β-W structure. (b) The Fermi surface of an A3B compound in the tight 

binding, nearest neighbors approximation. There are three degenerate bands 

corresponding to electrons localized on the three families of chains.  



Low temperature Superconductors 

 

-- Mediated by Electron phonon coupling  

   :  electron phonon coupling constant 

 * :  Coulomb repulsion of electrons 

 

    N(0) < I2 >/ 2 

 --  strong electron phonon coupling, McMillian formula for Tc 

Are electrons or phonons more important? 



Superconductivity tunneling into the A-15 compounds 

 Native Oxide of Nb is no good! 

 

 Artificial tunnel barrier 

     -- Use of a thin amorphous Si oxide 15A thick,  

        excellent ! 

Current-voltage characteristics at 4.2 K of A15 Nb-Al 

(of 21.5 at. % Al) tunnel junctions with the thickness 

of the a-Si overlay varying from 0 to 45 A. 
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Tunneling as a materials diagnosis 

Current voltage characteristics at 4.2 K of a 

series of A15 Nb-Al junctions obtained 

from a phase-spread deposition at 950 ℃.  

The thickness of the a-Si overlay is of 15 A. 

The A15 phase boundary is at 21.8 at. % Al. 

Al %    Tc    

 

Al %     ∆ 



Self-Epitaxial Growth 

Configuration for the self-epitaxy 

deposition in the constant phase 

direction at 950 ℃. The epitaxial 

layer thickness is varying from zero 

at one end of the ten substrates to 675 

A at the other end. 
。 

CONSTANT PHASE CONFIGURATION 

5000 A  Nb80Al20 

  675 A  Nb76Al24 

    15 A  Si 

。 

。 

。 

5000 A  Nb81 Al19 

  675 A  Nb77 Al23     

。 
。 

15 A  Si 
。 

Nb 
Al 



The use of tunneling to probe the highest Tc layer via self-epitaxial growth 

(a) Current vs voltage at 4.2 K of a series of tunnel junctions on the (A)-row self-epitaxial 

samples with epilayer thickness d systematically increasing from 90 to 660 A. The 

composition of the epilayer is of 23 at. % Al. (b) The same for the (B)-row self-epitaxial 

sample. The composition of the epilayer is of 24 at. % Al.  

。 



Electron –phonon coupling strength vs composition 

Nb3Sn Nb3Al 

Nb3Ge 

The variation with composition of the electron-photon coupling 

strength 2Δ/kBTc for the A15 Nb3Sn, Nb3Al. And Nb3Ge.  

ATOMIC PERCENT (Ge, Al, Sn) 
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The origin of this dramatic change of the electron phonon coupling strength of 

Nb3Al with the composition approaching the A15 phase boundary is not well 

understood. An insight can be gained from referring to the analytical formula by 

Kresin et al., 21  

 

 

, which expresses the enhancement of the coupling strength 2Δ/kBTc as an 

explicit function of the ratio Tc/𝜔o, where 𝜔o is a characteristic Einstein phonon 

frequency.  An analysis based on this formula shows that a change in the 

2Δ/kBTc ratio from BCS-like to a value as large as 4.4 requires a substantial 

increase in Tc/𝜔o.  Since Tc varies only modestly, from 14.0 to 16.4 K, the 

occurrence of phonon-mode softening, i.e., a smaller 𝜔o appears to be necessary 

to account for the large increase in Tc/𝜔o. The most direct proof of this 

supposition is to examine the 𝛼2𝐹(𝜔) functions obtained experimentally from 

tunneling densities of states. 

2Δ/kBTc = 3.53 [1 + 5.3 (Tc /𝜔 o)
2 ln (𝜔 o / Tc)] 



• Reduced tunneling density of states R() 

     R() = Nexp() / NBCS() -1 

• Use R() and    to deduce  to 2F() by the MR inversion program 
to extract     and  *  

• Employ the MMR inversion program to include a normal proximity 
layer   

 Tunneling density of states and 𝜶𝟐𝑭(𝝎) 

• The dynamic resistance dV/dl as a function of 

the bias voltage has been measured for several  

     Nb-Al junctions of importance.  

• Data of the  superconducting state were taken at 

1.5 K with a magnetic field ~ 1 kG applied to 

quench the superconductivity in Pb.   

• Throughout the data reduction, a constant 

excess conductance, of about 2-5% of the 

normal-state conductance, was subtracted out 

from both the superconducting and the normal-

state tunneling conductance.  

• The reduced tunneling density of states  

     R(ω) = Nexpt(ω)/NBCS(ω) – 1  

     was then  calculated.  

Reduced tunneling density of states R(ω) 

vs energy above the gap for the two Nb-Al 

junctions of Tc = 16.4 K, Δ=3.15 meV, and 

Tc = 14.0 K, Δ=2.15 meV, respectively. 



 The electron-phonon spectral function 𝜶𝟐𝑭 𝝎  has been generated from 

the input data of R(ω) and Δ by the gap-inversion analysis for these two 

junctions. 

 

 The initial method employed was the conventional McMillan-Rowell 

inversion program. For the junction with a Tc of 16.4 K and a Δ of 3.15 meV, 

that analysis gives a value of only 0.6 for the electron-phonon interaction 

parameter λ, and a negative value ~ -0.10 for the effective Coulomb 

pseudopotential μ*.  The calculated Tc from these parameters is thus less than 

10 K.  

 

 Perhaps the most unphysical result using that analysis is that a high-energy 

cutoff of less than 30 meV had to be imposed to prevent the iterative solutions 

from becoming unstable. The structure between 10 and 40 meV, as associated 

with the Al phonons, was then left out entirely. Furthermore, shown in Fig. 7, 

there is a large positive offset between the experiment and the calculated 

R(ω)’s.  



Modified McMillan-Rowell (MMR) inversion analysis : 

 

 Based on the model of proximity-effect tunneling, proposed by Arnold and implemented by 

Wolf, it has permitted an improved description, i.e., more self-consistent, of the tunneling 

data of such Nb and Nb3Sn junctions within the conventional framework of the strong-

coupling theory.  

 In this model a thin layer of weakened superconductivity is proposed to exist between the 

insulating oxide and the base electrode, and it is characterized by a constant pair potential 

Δn << Δs and a thickness of dn << ξ .     

 It is plausible that a thin proximity layer N exists between the Nb3Al film and the a-Si oxide 

barrier. With no a priori knowledge about this proximity layer, we approximate it with Δn =0.     

 The tunneling density of states is then, dependent on two additional parameters of 

     2dn /ℏVF and dn /𝑙 , where dn , VF  and l are the thickness, the renormalized Fermi velocity,  

     and the mean free path of the proximity layer, respectively. 

Nb3Al 
N 

SiOx 

Pb 



The experimental and calculated 

tunneling densities of states R(ω)’s 

from both conventional (MR) and 

proximity inversion (MMR) analysis 

for the A15 Nb-Al junction of 22.8 at. 

% Al with Tc = 16.4 K, Δ=3.15 meV. 

The reduced tunneling density of states  R(ω)=Nexpt(ω)/NBCS(ω) – 1  was then calculated. 

Figure shows the R(ω)’s for two particular junctions.  One is a relatively weak coupled 

superconductor, with a Tc of 14.0 K and a gap of 2.15 meV;  the other is strong coupled,  

of larger Al composition by 1.3 at. %, with a higher Tc at 16.4 K and a gap of 3.15 meV.  

A reduction in the magnitude of R(ω) is found as the Al composition is decreased, 

indicating a weakening in the electron-phonon coupling strength. However, the overall 

shapes of the two R(ω)’s are rather similar, and there is no dramatic change in the positions 

of structures induced by phonons.  Similar behavior is found in the tunneling densities of 

states of Nb3Sn junctions of different Tc ’s and coupling strength. 



The electron phonon spectral functions 

𝜶𝟐𝑭(𝝎) for two Nb-Al junctions with 

2Δ/kBTc of 3.6 and 4.4. The data of the 

neutron scattering function G(𝝎) are after 

Schweiss et al.  

Features of the 𝜶𝟐𝑭(𝝎) functions of these two junctions are quite similar, with a slight 

reduction of about 10% in the 𝜶𝟐𝑭 𝒘  for the lower-Tc one.   

However the strong-coupled and high-Tc  junction shows a pronounced enhancement in the 

weightings of the low-frequency phonons, leading to smaller values of the frequency moments. 

In fact, the significant reduction of   , from 1.7 to 1.2 in the lower-Tc junction, is mainly from 

the stiffening of phonons; i.e., < 𝝎𝟐 > of larger by 20%. 



TABLE I.  A summary of the parameters from the proximity inversion analysis of  

two A15 Nb-Al junctions and one Nb3Sn junction. 



 = N(0) <I 2> / M<2>  

the analytical formula by Kresin et al.,  

 

which expresses the enhancement of the coupling strength 2Δ/kBTc 

as an explicit function of the ratio Tc/𝜔o, where 𝜔o is a characteristic 

Einstein phonon frequency.  

2Δ/kBTc = 3.53 [1 + 5.3 (Tc/𝜔o)2 in (𝜔o/Tc)] 



 The electron-phonon coupling constant    can be expressed according to 

McMillan, as    =  Nb(0)<I 2>/M(2) 

     , where N b(0) and <I 2> are the electronic band density of states, and the  

electron-phonon matrix element, evaluated over the Fermi surface, respectively.  

 The electronic parameter Nb(0) (bare) can be estimated from the renormalized 

density of states N*(0) by specific heat experiments  

Cel = 1/3 2N*(0)KB
2 T 



Based on the data of the critical-field slope near Tc, the general procedure of evaluating 

various superconducting and normal-state parameters including Nb(0) is well formulated. 

Briefly, the slope of critical field near Tc including corrections for the electron-phonon 

interaction can be expressed as 

FIG. 1. Representative critical-field data near Tc of a series of  

A15 Nb-Al films measured. The lines drawn through data points 

are intended to serve only as a guide to the eye. 

Also from upper critical field analysis,  

given that the (1+λ) factor is known 

from tunneling.  



Nb3Sn Nb3Ge 

The electron-phonon spectral function 𝛼2𝐹(𝜔)  

ENERGY (meV)                                                            ENERGY (meV) 

Al5  Nb-Sn Al5  Nb-Ge 

𝛼
2

𝐹
(𝜔

) 

𝛼
2

𝐹
(𝜔

) 



Superconducting tunneling into  

high temperature superconductors 

of  YBa2Cu3O7  crystals and films (90K)  



Break-junction Tunneling on HTSC ceramics (1987)  











Josephson current    

                1.  Single slit diffraction pattern under B field 

                2.  Shapiro steps in AC microwaves 


